Estimates of random field-shape errors induced by cable mispositioning in superconducting magnets are presented and specific applications to the Large Hadron Collider (LHC) main dipoles and quadrupoles are extensively discussed. Numerical simulations obtained with Monte Carlo methods are compared to analytic estimates and are used to interpret the experimental data for the LHC dipole and quadrupole prototypes. The proposed approach can predict the effect of magnet tolerances on geometric components of random field-shape errors, and it is a useful tool to monitor the obtained tolerances during magnet production.
I. INTRODUCTION
The magnetic field generated by superconducting magnets used in particle accelerators [1] is affected by deviations from the ideal shape, which must be kept within a few 10 24 times the main field to avoid accelerator performance limitations. Field quality is determined mainly by three contributions: namely, the geometric part given by the positioning of the conductors inside the ferromagnetic yoke [1] , a persistent current effect due to cable magnetization [1] [2] [3] , and the yoke saturation at high field [1] . In order to obtain an acceptable field quality, conductor positions must agree with the nominal design within less than 0.1 mm [4] . Indeed, a strong feedback between magnet designers and magnet producers is needed, both in the design phase [5] and during the production [6] .
Field shape is expanded in a power series in the coordinates of the magnet cross section plane. The coefficients of this expansion, called normal and skew multipoles, feature random variations along the longitudinal axis of the magnet. These variations are usually neglected in beam dynamics analysis, where each magnet is characterized by the average of its multipoles along the axis. A set of magnets features a systematic component (average of the magnet averages) and a random part (rms of the magnet averages).
A correct estimate of the random errors due to the geometric part has been considered a challenging and relevant issue for both beam dynamics and quality control during the magnet production [7] [8] [9] . In this paper we disregard multipole variations due to the random fluctuations of the cable or yoke magnetization, and we focus on the spread in the multipoles induced by the geometric part. In previous works [7, 8] , random geometric errors have been modeled through random variation of coil positions and dimensions: the amplitude of the random variations was fixed by a priori considerations, and experimental data were used to work out fitting parameters that describe the degree and the type of asymmetries found in built magnets. In this paper we develop a complementary approach, where all the asymmetries are considered equally probable, and the amplitude of the random displacement becomes the main fitting parameter. This leads to the same estimate for the normal and skew components of the same order.
The proposed approach allows us to analytically derive very simple scaling laws for geometric random errors, based on simplifying assumptions on the coil geometry. This provides a useful explicit dependence of the scaling law parameters on the coil characteristics, such as the magnet type, the cable thickness, and the magnet aperture. The analytical method is cross-checked with numerical simulations based on a Monte Carlo, using a detailed model of the coil cross section. We then compare our estimates with the experimental data at room temperature, where the cable magnetization and yoke saturation are not present. These data agree with the multipole decay foreseen by our scaling law, thus validating the way of modeling random errors.
The main fitting parameter of the scaling law is the amplitude of the random displacement. The analysis of experimental data in this framework provides an estimate of the actual tolerances reached during magnet manufacturing. We also investigate the relationship between random variations along the axis of one magnet and random variations among the averages of a set of magnets.
The obtained scaling laws for the random geometric multipoles have two main applications. On the one hand, they provide a solid estimate that can be input in tracking codes to evaluate beam stability. Moreover, they can be used during magnet production to monitor the actual tolerances and to trace back specific features of a particular magnet. Here we give estimates and applications to three magnet designs (two dipoles and one quadrupole), but this approach can be used for any type of coil layout.
The structure of the paper is the following. The main Large Hadron Collider (LHC) dipoles are analyzed in Sec. II. Numerical simulations to work out the scaling law are given in Sec. II A. Experimental data are analyzed within this framework in Sec. II B, where we distinguish random variations along the axis of a single dipole (Sec. II B 1), and random variations from magnet to magnet (Sec. II B 2). The main LHC quadrupole is analyzed in Sec. III, which is structured in the same way as Sec. II. Analytical estimates and parametric dependence of random multipoles due to random block displacements for a generic magnet are given in Sec. IV. Conclusions are drawn in Sec. V. The analysis of the previous five-block design of the LHC dipole coil is given in Appendix A. Detailed analytical computations of random errors are given in Appendix B.
II. ANALYSIS OF THE LHC MAIN DIPOLE

A. Scaling law for random block displacements
Random fluctuations of cable positioning can be analyzed through Monte Carlo methods. A very simple approach [10] is to assume that the blocks of conductors are rigid, and that they can freely move in the magnet cross section plane. A block of conductors is characterized by 3 degrees of freedom: for instance, one can choose two coordinates for the baricenter and an angle to fix the inclination of the block with respect to the horizontal axis. A cross section of the six-block design of the LHC dipole [11] is shown in Fig. 1 .
Each block baricenter is shifted in the cross-section plane by two orthogonal vectors whose amplitudes belong to a Gaussian distribution with rms d͞ p 3. Moreover, the block is rotated around its baricenter by an angle such that the block corners move according to the same Gaussian distribution with d͞ p 3 rms amplitude. With respect to Refs. [7, 8] , we neglect block deformations, but we also include the possibility of block rotations around the baricenter. The multipolar expansion coefficients b n and a n , of the obtained coil cross section are then evaluated. Here B 0 is the main field of the magnet. In this way, random displacements with rms amplitude d, equally shared by the block degrees of freedom, generate a distribution b n and a n ; the obtained multipole distributions are close to Gaussian, and the sigmas of normal and skew components b n and a n are rather similar. Numerical results are given in Fig. 2 (markers) for three different values of the rms amplitude d (0.1 to 0.006 mm). Throughout this paper, multipoles b n and a n are given in 10 24 units at the reference radius R ref 17 mm. One can see that very regular patterns emerge from the numerical simulations; indeed, in a semilogarithmic scale numerical data are well fitted by a one-parameter family of second-order polynomials in the multipole order n; i.e.,
where the parameter a contains all the dependence on the rms displacement d. Equation (2) can be rewritten to the explicit dependence on d,
i.e., the sigma of the random multipoles is proportional to the rms amplitude of the block displacement d, to a simple power law b n and a quadratic power law g n 2 . The fitting constants for the five analyzed rms amplitudes, and their averages, are given in Table I .
The power law b n is due to the Biot-Savart law: a current line at a distance r generates a magnetic field of order 1͞r. This means that the magnetic field B diverges on the position of the first conductor of the coil, whose distance from the magnet center is in the LHC dipole r 0 28 mm. For this reason, the multipolar expansion of the field is convergent for jrj jx 1 iyj , r 0 and the field intensity has the following upper bound:
Substituting it in Eq. (1) we obtain the upper bound for the harmonic n
Assuming that this convergence condition on the multipolar coefficients holds also for their rms s͑b n ͒ and s͑a n ͒, one obtains a rough estimate of the parameter b R ref ͞r 0 17͞28 0.607 that is indeed rather close to the numerical value 0.626 (see Table I ). The nonlinear term g n 2 provides a correction to the power law that gives a faster decrease of the higher order terms (g , 1). In general, the larger the blocks, the faster the reduction of the high order multipoles with respect to the power law (this can also be seen by a direct comparison of the five-block design with the six-block design of the LHC dipole; see Appendix A).
In Sec. IV we develop an analytical model based on a simplified geometry of the coil; in this case one can derive analytical estimates for the random errors that agree well with the numerical results and that give some analytical insight on the dependence of random errors on magnet parameters.
B. Analysis of experimental data
Several prototypes of the LHC dipoles have been constructed and tested in the past 10 years [12] . Here we analyze the experimental data relative to four 15 m long final prototypes [13] . Field quality is measured at room temperature in the collared coils and in the assembled cold mass, with a low current (10 A). The sensitivity of these measurements is of the order of 10 27 with respect to the main field (i.e., 0.001 units in 10 24 ). Measurements are taken along 20 consecutive positions with a 750 mm rotating coil. The first and last are discarded in our analysis since they are affected by end effects. Therefore, one has 18 data along the magnet axis: we compute the best estimates of the average and of the rms. With 18 data, the rms estimate has a relative error of 30% (with a 95% confidence limit).
One has two sets of data for each aperture, which are analyzed independently. Sigmas of corresponding normal and skew multipoles are then averaged, thus reducing the error estimate to 17%. One can check that the variation of the multipoles along the axis is not affected by the yoking procedure, since the main contribution comes from the collared coil. Data relative to four collared coils of the LHC dipole prototypes are analyzed.
Multipole variations along the axis
We first analyze the variation of the multipoles along the axis. The sigmas of these variations for the first final prototype MBP2N2 are shown in Fig. 3 . We consider the average between the two apertures, normal and skew components, separately. One can see that experimental data agree extremely well with the decay worked out through the Monte Carlo method, up to multipoles of order 10 and higher. This means that the hypothesis of the random displacements of the blocks is a very good approximation to modelize random geometric errors. On the other hand, experimental data prove to be extremely sensitive. In our case, the feed down of b 11 on b 10 and a 10 is used to work out the magnetic center, and therefore the sigmas of the multipole of order 10 are zero (see Fig. 3 ). Experimental data are consistent with rigid random displacements of blocks with rms of the order of 0.025 mm [see Eq. (3)]. This agrees with the specified tolerances on mechanical components. Our approach also allows detection of specific features of the assembled magnet: for example, in Fig. 4 we show the data of the prototype MBP2O1 that was assembled [14] with shims between collars and coils whose thickness varies along the axis up to 60.06 mm. This specific shimming was used to follow the shape of the coil, to keep the azimuthal prestress as homogeneous as possible along the axis. Shimming usually affects the allowed multipoles if the dipole symmetry is preserved. In this case, shimming mainly affects the sextupole component b 3 , as can be seen in a graph where experimental data are compared to the scaling law (see Fig. 4 ).
Multipole variations between different magnets
If each magnet were composed by cross sections that belong to a same distribution, with each multipole characterized by an average and a sigma, the variation of the multipoles along the axis of a single magnet would be larger than the variation of the averages of each magnet. Indeed, assuming a Gaussian distribution and a magnet composed by N uncorrelated sections, the sigma of the averages would be 1͞ p N times the sigma along the axis. Therefore, the sigma along the axis would overestimate the random component relevant for beam dynamics.
On the other hand, magnets produced with different tooling, components, and assembling procedures would be composed by cross sections belonging to different distributions, characterized by different averages and sigmas. In this case the sigma of the averages of all magnets can be higher than the sigma along the axis. This could happen also to magnets belonging to the same production line,
Here we analyze the sigma of the averages of four collared coils (eight apertures) of the first LHC dipole final prototypes. The collared coils have been produced by three factories (two by Alstom-Jeumont and one by Noell and Ansaldo), using different tooling and components. The sigma of these averages is plotted together with our scaling law in Fig. 5 . One observes much higher values, especially for the allowed multipoles b 3 , b 5 , b 7 , and b 9 , that are on the curve corresponding to a random displacement of 0.1 mm. This is due mainly to relevant differences in the thickness of the coil shims used to impose the azimuthal prestress. Indeed, such shims determine the coil azimuthal length, which is strongly correlated to allowed multipoles. The other multipoles, with the exception of a 2 and a 4 , have values that agree with a random displacement of approximately 0.025 mm rms amplitude. More dispersion is observed since a small number of apertures is considered.
One should conclude that, at this early stage of the dipole production, the random component is larger than the variation of the multipoles along the axis of a single magnet. In particular, our graphs indicate that an improved control of the coil azimuthal length should be employed to reduce the allowed multipoles.
The experimental data of the rms of the multipole averages show relevant differences between normal and skew components of the same order. This means that random movements are not equally shared by all the symmetries. One could include this effect, introducing additional fitting parameters as proposed in Refs. [7, 8] , but statistics on a wider set of magnets should be available. 
III. ANALYSIS OF THE LHC MAIN QUADRUPOLE
A. Scaling law for random block displacements
The main LHC quadrupole is characterized by a fourblock coil, disposed on two layers (see Fig. 6 ). Also in this case, we carried out a Monte Carlo analysis of the effect of small rigid random displacements of the block positions, assuming a Gaussian distribution of rms amplitude d. The sigmas of the obtained multipole distributions are shown in Fig. 7 (markers) . Also in this case, one observes a very regular pattern, and a linear interpolation in the semilogarithmic scale takes into account numerical data. The best fit shown in Fig. 7 (solid lines) corresponds to a simple power law
fitting constants worked out for different values of the amplitude rms d are given in Table II . In this case the power law provides a good fit of experimental data. Moreover, one has a factor of 4 higher value of the constant a with respect to the dipole case: this means that the same displacements produce 4 times higher variations of the rms multipoles. This feature can be explained by our analytical model given in Sec. IV. This is not a concern for beam dynamics since multipolar errors have to be integrated over the quadrupole length (3.2 m) that is nearly 5 times smaller than the dipole length.
B. Analysis of experimental data
Three quadrupole prototypes have been built at Saclay [15] . Magnetic measurements at room temperature and low current (12.5 A) have been carried out using a rotating coil of 750 mm length. Multipole coefficients are measured in five consecutive positions along the magnet axis [16] . The first and last are discarded since they are affected by end effects. The obtained rms are affected by a large error (70% with 2s confidence level, 40% when the average rms between two apertures is considered), but can still be used in our analysis.
Multipole variations along the axis
The rms of the multipoles along the axis of the first quadrupole prototype SSS3 versus the scaling law [Eq. (6) ] is shown in Fig. 8 . One observes that the measured sigmas are consistent with rigid random movements of the blocks of 0.025 mm, such as in the case of the LHC dipoles. The observed difference between experimental data and scaling laws in the slope of the multipole decay could be statistically nonsignificant, and should be verified by a larger sample of data. 
Multipole variations between different magnets
Contrary to the dipole case, all the quadrupole prototypes were produced in the same laboratory. The analysis of the rms of the averages of the six apertures (see Fig. 9 ) shows that variations from magnet to magnet are somewhat larger than the variations along the axis. This effect is particularly relevant in b 6 and a 4 . Indeed, the values are much closer to the sigma along the axis than in the case of the dipoles, where different factories were producing different prototypes. With the exception of the aforementioned multipoles, the sigmas of the averages correspond to random displacements of around 0.035 mm. The multipole decay agrees well with our scaling law. The unexpectedly large values of a 4 and b 6 correspond to small values of b 4 and a 6 , respectively. This means that a particular symmetry / antisymmetry of the magnet is excited, and the corresponding antisymmetry/symmetry for the same multipolar order is not. Therefore, our hypothesis of a complete randomization of the coil displacements is not verified in this case. Indeed, one has to point out the rather high error associated with the rms estimate due to poor statistics.
IV. ANALYTICAL ESTIMATE OF MULTIPOLES DUE TO RANDOM DISPLACEMENTS
Here we give analytical formulas for multipoles generated by random displacements, assuming simple geometries for the magnet coil. We analyze a generic 2N pole magnet (N 1 for a dipole, N 2 for a quadrupole, and so on), consisting of 4N poles. We make the following assumptions: (i) Each pole is a sector of radii r 1 and r 2 , and whose aperture is p͑͞3N͒: in this way the first allowed multipole b 3N is zero (see, for instance, Ref. [1] ); (ii) the current density in each pole is constant; (ii) the contribution of transport currents only is considered (no iron yoke); (iv) the sector can undergo only rigid translations.
The first assumption neglects the coil geometry that is usually made of more than one layer, and the presence of copper wedges that separate conductor blocks. The second one neglects the small radial gradient in the current density that is due to the cable keystoning. The contribution of iron can be considered in the usual mirror approximation: explicit formulas can be found in Refs. [10, 17] , where we also prove that rotations of the sectors can be neglected in a first approximation.
Under these simplifying hypotheses (see Appendix B for detailed computations), one obtains the following estimate of the rms s n of the multipole of order n due to a random displacement of rms d:
where N denotes the magnet type (N 1 for a dipole, N 2 for a quadrupole, and so on), R ref is the reference radius where the multipoles are rescaled, r 1 and r 2 are the inner and the outer radii of the coil, and m is the number of subsectors that can move independently (i.e., the number of blocks). The function F is defined as F͑x͒ ϵ sin͑px͒͑͞px͒.
The main dependence of s versus n is a power law b n where b R ref ͞r 1 , which corresponds to the power law that can be naively derived from upper bounds on the Taylor series of the multipoles (see Sec. II A). The constant in front of the power law
features an interesting explicit dependence on the magnet type: for instance, for a dipole, N 1, one has
while, for a quadrupole, performing the limit N ! 2, one has
The ratio between the dipole and the quadrupole term is a͑2͒ a͑1͒
for the LHC case one finds a ratio of around 3, in agreement with the numerical estimate a͑2͒͞a͑1͒ 3.9 (see the previous section).
The last term, F͓͑n 1 1͒͑͞6Nm͔͒, in Eq. (7) is an oscillating term whose absolute value is bounded by 1, and that decreases for high multipoles with 1͞n: therefore, it becomes negligible for high n with respect to the main term b n . Indeed, for low n one can make a Taylor expansion for x ø 1,
and, therefore,
For the LHC dipole one can take Nm 6 and, therefore, g 0.997 in agreement with the numerical value g 0.994 given in Sec. II A. For the quadrupole one can use Nm 8, obtaining g 0.9994 to be compared to g 1.0000 found with numerical simulations.
V. CONCLUSIONS
In this paper we have modeled random errors in superconducting magnets due to the geometric component, i.e., to small discrepancies in the coil position with respect to the nominal design. Under the hypothesis that blocks undergo random movements that preserve their shape, we use a Monte Carlo method to work out a numerical estimate of the rms values of the multipoles. The obtained numerical values show very simple patterns that can be fitted by scaling laws. We propose a power law plus a nonlinear correction for the main LHC dipole coil, and a simple scaling law for the main LHC quadrupole. An analytical estimate based on simplifying assumptions supports these scaling laws, also providing a useful analytical insight on the parametric dependence.
The outlined methods can be used to provide a realistic estimate of the geometric part of the random errors. Moreover, it gives a link between random errors and the corresponding rms amplitudes of the random block displacements. Therefore, it can be used as a tool to monitor the actual tolerances in the coil cross section during magnet production.
Comparison with experimental data for the first prototypes confirm the estimated decay of the random multipoles. The rms of the multipoles along the axis of a same magnet agree with random block displacements of 0.025 mm rms, for both the dipole and the quadrupole. The rms of the averages of the analyzed magnets are higher, especially in the case of the dipoles produced by three different manufacturers at the very early stage of the production. The relationship between the variation of the multipoles along the axis and the variation of the multipoles over a set of magnet is also discussed. Our approach can be generalized to other coil cross sections.
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APPENDIX A: FIVE-BLOCK LHC DIPOLE
The case of the five-block coil cross section previously used in the LHC dipole prototypes has also been analyzed, using the same techniques described in Sec. II A. The result of the Monte Carlo simulation is showed in Fig. 10 , where data relative to three rms amplitudes d are shown. Also in this case, numerical results (markers) are very well fitted by a second-order polynomial in a semilogarithmic scale. The same power law with a nonlinear correction [see Eq. (3)] holds, with rather similar values of the constants a, b, and g (see Table III ).
The main difference is in the constant g that in the five-block coil provides a more rapid decay of the high order multipoles; we already pointed out in Sec. II A that this is due to the larger size of the coil blocks. Indeed, this effect is totally irrelevant from the point of view of beam dynamics: the two designs can be considered equivalent as far as random multipoles are concerned.
The comparison of the scaling law for the five-block coil with experimental data relative to the 10 m long magnet prototype MBL1N2 is given in Fig. 11 . Also in this case, the rms of the multipoles along the axis are consistent with random displacements of the block with an rms amplitude of around 0.025 mm. FIG. 11 . rms of the multipoles along the axis for the LHC dipole prototype MBL1N2 (markers) and scaling law for different amplitudes of random displacements d (solid line). 
where we defined F͑x͒ ϵ sinpx px .
We now assume a constant current density J, replacing it by the total current I flowing in the sector divided by the sector area p͑r 
We now assume that each sector is made up of m blocks, each of them moving independently; the final sigma for the magnet is p 4N͞m the above sigma,
